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On Laplace Transforms Near the Origin

By R. Wong*

Abstract. Let f(¢) be locally integrable on [0, ) and let L{f}(s) denote the Laplace
transform of f(#). In this note, we prove that if f(¢) ~ t—ﬁE::() a, (log )" as t - oo,
where 0 < Re 8 < 1, then L{f}(s) ~ sﬁ_1 =

— 4, the ¢, being constants.

oo

n=0 cn(log 1/s)"" as s — 0 in larg s| < 7/2

1. Introduction. Let f(z) be locally integrable on [0, =) and let L{f} denote the
Laplace transform of f(¢). That is,

(1.1) Lift =, fyetat,

whenever the integral on the right converges. In a recent paper, Handelsman and Lew
[2] have studied the asymptotic behavior of L{f} as s — 0, when f(¢) satisfies

(1.2) f(®) ~ exp(—ct?) i Cunt M(log 1) ast — oo,

m,n=0

where p > 0, Re ¢ =0, Re r,, | —ocas m — oo, and the set {n: c,,, # 0} is finite for
each m. In this note, we consider the case

(1.3) f@e)y~t=8 i a,(log £)™" ast—> oo,
n=0

where 0 < Re § < 1. Our result will complement that of Handelsman and Lew.
2. Main Theorem. For convenience, we introduce the notation
@.1) Ly = f@etar

where ¢ is a fixed real number > 1. In [3], it was shown that for any complex num-
ber f with Re § < 1,

@2 Ll Pog )= ~s‘3_1<1°g §>_ z <_rn>r<'><1 ~a)<log 9_

r=0

as s — 0 in S(A), where
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2.3) S(A) = {s: larg s| < 7/2 — A}.
Let
24 ¢, = éo a,,_,<’ ;n>[‘(r)(1 - B).

We are now ready to state and prove our main result.
THEOREM. If f(¢) is locally integrable on [0, =) and satisfies (1.3), then as s — 0
in S(A)

(2.5) L{f} ~ P! i C,,(lozg §>_n,
n=0

Where the coefficients c,, are given in (2.4).
Proof. For any ¢ > 1,

2.6) L{f} = LfY + [, f@etat = L{f} +0(1)
as s — 0 in S(AQ).
Writing

(2.7) f(0) = ﬁ a,t™P(log ™" + R ()
n=0

gives

N

2.8) Lify =Y a,L it Pog )"} +ry,
n=0

where

2.9) rv = [, Ry(e *tdt.

From (1.3), it follows that there are constants K > 0 and ¢ > 1 such that
(2.10) IRy(®)] < K|t~F(log )™N=1| fort>c.
Hence, by (2.2),

7yl < Kf: t~Y(log )N le=%t gz
(2.11)

= 00" Ylog o)™ 1) aso—0,

where v = Re  and ¢ = Re s. Since |s] sin A < 0 < |s| for any s € S(A), (2.11) is
equivalent to

(2.12) ry = O(s"~'(loglsh) ™M~ 1) = O(sP~'(log 5)"N 1)
as § — 0 in S(A). Coupling the results (2.8) and (2.12), we obtain

(2.13) L{f}= % a, L {t P(log )"} + O(sP~*(log s) ™V~ 1)

n=0
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as s — 0 in S(A). Since the O-term in (2.6) may be included in that of (2.12), (2.13)
implies
N
(2.14) L{fyY = Y a,L{t7P(og )"} + O(sP~'(log s)" V1)
n=0

as s — 0 in S(A). In view of (2.2), each term in (2.14) can be expanded in powers of
(log 1/s)~!. Hence, by regrouping the terms, we have for any N = 0

(2.15) L{r} = Sﬁ_l[g‘, cn<log §>_n + O((log s)_N_l;J

n=0
as s — 0 in S(A). This completes the proof of our theorem.

3. An Example. The Ramanujan function is defined by

—st

o0 e
3.1 NGO = fy T qog 5 4

Recently, Bouwkamp [1] obtained the asymptotic expansion

oo

(3.2) N@s)~ Y c,(logs) ™" ! ass—> oo,

n=0
where the coefficients were determined by the generating function
1 > x"
3.3) T -x nz_:o Cn o1 -
Our aim is to find the asymptotic behavior of N(s) as s — 0.
Integrating by parts, we obtain from (3.1)

1 s e 1
34 = — 4+ — —1(_ —st
(34) N(s) > + - Jo tan (77 log t>e dt.

The function tan™ ! (log ¢#/m) has the convergent expansion

(1 T had (_. l)n T 2n+1
3.5 1= == _
(35 tan <11 log t) 2 n‘i_-:o 2n + 1 <log t> ’

for t > ™. Hence, the conditions of the theorem are trivially satisfied and we have

3.6) N(s) ~ 1~ i av<108 %)-11—1

v=0

as s — 0 in S(A), where .
(GRSl Rl AW
37 a,= 2. s ().
( ) Y 2n+r=v 2n +1 r
It is interesting to note that these coefficients are precisely the ones given by Bouwkamp
for the asymptotic expansion of N(s) as s — o°. To see this, we recall the identity
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I'(x)I'(1 — x) = n/sin nx. Hence, from (3.3),

_ (= D" TO(1)
(38 € = V! Z , @n+ 1! r!

2n+r=

Comparing (3.7) and (3.8), we have

(3'9) av = (_ I)Vcl)’ V= 09 la 2,. ‘.
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